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We review the extended density functional theory (DFT), in which we make full use of the broken-symmetry feature
of the Kohn—Sham (KS) DFT. The theory is based on the classification of broken-symmetry solutions of the Hartree—Fock
theory, which has been developed by some precursors in the field “broken-symmetry quantum chemistry”. We describe
the fundamental characteristics of the DFT based on generalized spin orbitals (GSOs) in relation to the extension of the
constrained search region of DFT. In addition, some important applications, such as noncollinear magnetism of multicen-
ter radicals and radical dissociation followed by spin rotations that are firstly enabled by the use of the GSO-DFT, are
presented. Furthermore, future directions covering quantum fluctuations between several collective modes, ab initio mo-
lecular dynamics, and relativistic phenomena are also described from the viewpoint of search regions of the extended

DFT.

In solid state physics, the transition metal ions play essential
role for electronic properties such as magnetism and conductiv-
ity of materials.! The guideline to design functionality is devot-
edly to control (i) the orbital-filling of metal sites and (ii) the
geometry and the constant of the lattice. On the other hand, dur-
ing the past three decades, there has been remarkable progress
in the field “molecular-based material science”, in which ones
can utilize more flexible electronic characteristics of carriers
(molecules) by exploring substituent effects and pliable latti-
ces. Indeed, the various compounds such as the organic ferro-
magnetic materials,” charge-transfer complex, organic super-
conductors,”* etc., have been synthesized. In order to investigate
these systems, we should first note that the electron correlation
plays a crucial role in determining such electronic properties of
materials. In particular, the various magnetic behaviors of
strongly correlated systems originate essentially from the elec-
tron correlation due to the coulomb repulsion terms in the Ham-
iltonian. The second important point is that the molecular orbi-
tal theory plays a important role to describe the intra and inter-
molecular interactions. The electronic structure theories in the
first generation are empirical ones using parameters to under-
stand the essential feature of the target materials.’> As computa-
tional environments have been improved, theoretical efforts to
predict experimental physical and chemical properties of mate-
rials, the so-called ab initio approach for material design, have
drastically increased.® In the field of molecular magnetism, the
situation has enabled us to compute a priori the value of the ef-
fective exchange interaction that determines the basic features
of molecular magnetic systems.”

There are various approaches that are called “ab initio”
methods; they differ in on basis sets, boundary conditions,
and/or theoretical backgrounds. The most significant branch
is based on fundamental variables. The electron correlation is
originally a quantum phenomenon as described below, so that
the use of wavefunctions is reasonable. Indeed, in the field of
quantum chemistry, multi-reference (MR) wavefunction theo-
ries (WFT) such as configuration interaction (CI) and cou-
pled-cluster (CC) methods® are successfully applied for small
molecules, even in their excited states. However, the expansion
of a wavefunction becomes a bottleneck when one computes
macromolecules such as bioenzymes or functional materials.
In the 1990s, instead of WFT, the Kohn—Sham (KS) density
functional theory (DFT) has been brought to light.” The funda-
mental variable here is a density or a spin-density. The KS-DFT
had been explored mainly in the field of solid state physics be-
fore the 1980s, but nowadays it has become the most popular
method in the quantum chemistry. One merit of the KS-DFT
is that it can include the electron correlation effects without
wavefunction expansion, which enables us to compute more
huge systems than those we can do by WFT. In addition, the
trend of computational resources for the computational science
has helped KS-DFT to become widespread. Since the middle of
the 1990s, a parallel computational environment utilizing the
high-performance personal computers® with the message-pass-
ing interface (MPI) library’ has become a main facility, sup-
planting supercomputers and workstations. The explosive evo-
lution of the computation technique is now going into the so-
called “Grid computing”, in which the computational resour-
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ces are far from each other, but are connected by the broadband
network.'® This direction is expected to be a main stream of
computational chemistry-and-physics in this 21-th century to-
wards the material design. The computations employing DFT
exhibit, in principle, linear scaling with respect to the size of
the system,!! to determine the ground state electronic structure
of molecular compounds, so they are suited for such computa-
tional environments.

Despite such promising aspects, the KS-DFT has some prob-
lems. For instance, the symmetry of solutions is broken in a
simple homolysis of a chemical bond; the origin of this problem
is discussed in this paper. This feature is thought to be a positive
aspect of broken-symmetry (BS) KS-DFT to describe the mo-
lecular magnetism as in the case of the Hartree—Fock theory.>%
We further exploited the applicability of BS KS-DFT for more
complicated situations by choosing a broken-symmetry pattern
deliberately, as presented below. In the context of a fundamen-
tal theory of KS-DFT, the broken-symmetry implies the exten-
sion of the DFT search region.

Thus, in this paper, we review ab initio approaches of the ex-
tended DFT as well as those of WFT; these were utilized for
predicting intra-and-intermolecular magnetic interactions of
molecular magnetic systems. As a preliminary, we describe
the theoretical background of Hartree—Fock (HF) approxima-
tion that is directly related with the KS-DFT in many theoreti-
cal points. Since our focus is on the spin broken-symmetry ap-
proaches and these applications, most of our formulations are
developed in a fully spin-unrestricted manner with generalized
spin orbitals (GSOs), which are usually neglected in many in-
structive reviews and texts.%’ There are two roles of broken-
symmetry of GSO solutions. The first role is for the description
of physical properties which can be represented by using the
first order reduced density matrix. As a fundamental theory to
explain this point, we describe the classification of generalized
HF (GHF) solutions, which is a guideline of GSO computa-
tions. Another role is for the electron correlation, which is
missed by restricted HF solutions in the case of the strongly
correlated systems. Next, we discuss the complete-active-space
(CAS) based methods as traditional WFT’s. The facility and
power of these approaches are discussed in relation to applica-
tions of molecular magnetic systems, as well as the promising
computational direction of WFT’s.

First, the GSO version of the DFT formulation will be de-
scribed. We shall offer a very simple but significant example
against a statement that KS theory could become an exact theo-
ry in general. From this discussion, we will see the reason that
the broken-symmetry KS-DFT” theory works well for strongly
correlated systems, as well as the limitation of the symmetry-
adapted KS theory. A most important point of GSO-DFT is
its applicability to various classes of molecular magnetism.
So, we discuss the relationship between the constrained search
region of spin density matrices and the spin-rotational and time-
reversal symmetry as a theoretical basis of GSO-DFT following
a similar method to that of the GHF theory.

To present the potentials of the GSO-DFT method, we exam-
ine some examples of non-collinear molecular magnetic sys-
tems on which the GSO treatment is essential for the descrip-
tion of the ground-state spin structure. The major feature of
our recent researches is exploring the new applicability of
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DFT for some non-collinear molecular magnetism phenomena.
For instance, the three-dimensional spin structure of tetrahedral
magnetic clusters and the bond-cleavage of oxygen-type mole-
cule have never been treated by any usual DFT computation.
The computational results are discussed in relation to spin-de-
generate and spin-frustrated features of the classical spin-vector
model.

At the end of this paper, some future directions in line with
the extended DFT are discussed. First, the inevitable defects of
GSO-DFT and a post GSO-DFT approach are also discussed.
The remedy for them is not based on an usual complete-ac-
tive-space (CAS) based WFT approach, but on the resonation
of GSO-DFT solutions. Next, towards the new implementation
of quantum mechanics/molecular mechanics (QM/MM),!? a
scheme to partition macromolecular systems into functional
units is proposed, in which the classification of GSO solutions
is fully explored to treat the QM region. Finally, we describe
the relativistic extension for the quantum electrodynamics
(QED) framework and its relation with the GSO-DFT ap-
proach. The relativistic extension not only provides a compre-
hensive theory of extended DFT, but also is essential to treat
new physics such as superconductivity induced by spin-fluctu-
ations of heavy fermions, in which both relativistic effects and
the strong electron correlation between f orbitals play important
roles.

Electron Correlation and an Exact and
Straightforward Electronic Structure Theory

In quantum chemistry, the traditional way to treat the elec-
tron correlation is based on a many electron wavefunction®

(X1,X2, ..., Xy | W) = W(X,Xa,. .., Xn). (D

Here, x; denotes both a spatial coordinate (r;) and a spin coor-
dinate (s;) for the i-th electron. With the WFT, it is reasonable
to use the electronic structure theory because the electron inter-
actions except the classical coulomb interaction between the
density distributions are essentially quantum mechanical phe-
nomena. Electron correlation interactions can be divided into
the exchange and the correlation interactions. The former is
due to the Pauli principle that forbids two electrons with paral-
lel spins from occupying the same position. This principle im-
poses the antisymmetric condition on a wavefunction, for in-
stance of an N electron system,

\IJ(X],...,X,‘,...,Xj,...,XN): —‘IJ(X],...,XJ‘,...,X;,...,XN).

In order to obtain the most stable electronic structure, ac-
cording to the Rayleigh—Ritz minimal principle, the minimiza-
tion procedure,

Eo = Miny (V|H|¥) 3)
for the ab initio Hamiltonian,

. N _VZ Natoms N 1

H=3 |5+ 2 vne® )+
i= 2 = = i — 1]
N N 1

— h?‘()l'e + (4)

2Ly



S. Yamanaka et al.

should be conducted. Here the W in the search region is any N
electron wavefunction satisfying the normalized condition and
the antisymmetric condition given by Eq. 2. We combined the
kinetic term —V,-2 /2 and the nuclear attraction term Uy (x;) into
the core Hamiltonian term /(" at the right side of Eq. 4. We
here note that the electron correlation arises from the quantum
effect due to the non-commutative relation:

core 1
Tty

i<j

This relation causes both some difficulties of the electron cor-
relation problem as well as some fruitful phenomena connected
to the quantum many body effects. For this non-commutative
relation, the 3N dimensional minimization problem, Eq. 3,
can not be divided into N one-particle problems.

The minimization over the functional space consisting of 3N
dimensional wavefucntions can be implemented in principle.
Indeed we developed the electron wavepacket (EWP) ap-
proach'3 as a straightforward method to solve Eq. 3, in which
the antisymmetrized real space basis and the stimulated anneal-
ing scheme are employed to obtain the exact solutions. The
EWP is instructive to understand the electron correlation prob-
lem, but is not a practical tool since it consumes huge computa-
tional costs. For instance, if we use 1000° grids to express the
three-dimensional real space, 16 x 1000° bytes = 16 TB is
needed as a computational memory to obtain the exact EWP so-
lution of a hydrogen molecule. Thus, the linear combination of
atomic orbitals (LCAQO) method, which is introduced by Roo-
thaan'* and is usually started from the Hartree—Fock approxi-
mation, is essential for the actual implementation of quantum
chemistry.

Generalized Hartree-Fock Approximation
and Its Origin of Symmetry-Breaking

In the Hartree—Fock (HF) approximation, which is the stand-
ard starting point of the ab initio LCAO theories,®'* we employ
the Slater determinant:

D(X1,X2, ..., Xy) = (X1, X0, .., Xy |y, Yoy oo, Wry)
Yi(x)  Yp(xi) Yy (x1)
Yi(x2)  Yy(x2) Yy (x2)
=@H'? ,
Yixn) YoGw) - Yy(xw)
(6)

as a trial function for the minimization procedure in Eq. 3. Here
Y, is a trial molecular orbital (MO) for i-th electron. By apply-
ing Lagrange multipliers method, one obtains the HF equations,
which are coupled to each other via electron correlation terms:

[h;"”e + Zj(]j(rlsl) - Kj(rlsl))]wi(rlsl) = & (ris1).
(7a)

Here, J; and K; are coulomb and exchange operators defined by:

x,y,z-components of spin density matrices {p,,(r;1")}
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i, U (e (ras1)

[ry — 12|

Ji(ris)Y(ris)) = Yi(risy), (8a)

*
Ki(ris)Y,(ris)) = Zh /dl‘z mplzl//j(l‘zsz)l//i(rlsl),
(8b)

respectively. The operator in the brace at the left side of Eq. 7 is
denoted as the Fock operator. We here note that the exchange
operator defined by Eq. 8b includes the permutation of spin
variables together with spatial coordinates, leading to coupled
equations among different spin orbitals, as

Z{(S [+ 37 o sy

d 2:// ( 28 2) Plzw(rZTZ)w (1‘1?1)i| = Eiwi(rl.ﬂ).

(7b)

Since the Fock operator depends on the set of orbitals {1/}
which we would like to obtain as solutions, HF equations are
nonlinear equations; in contrast to that the original Schrodinger
equation for the N electron systems is a linear one. This differ-
ence affects the scheme to solve the equation and the symmetry
of the solutions. First, since a set of orbitals {/;} is needed to
construct the Fock operator, we must decide the initial oribtals
{1;} and the HF equations must be solved in an iterative man-
ner. Second, the HF effective Hamiltonian is not determined a
priori, but is given by the users. In quantum mechanics, the
Hamiltonian determines the symmetry of the problem, so that
we set up the symmetry framework of the HF approximation
when we give the set of initial orbitals. This feature of HF ap-
proximation often results in broken-symmetry solutions, which
violate a condition of a correct solution of ab initio Hamiltonian
given by Eq. 4. The HF approximation allowing the broken-
symmetry solutions with collinear spin alignments,®>">2! is
called unrestricted HF (UHF), in contrast with the symmetry-
restricted HF that is denoted as RHF. The generalized version
of HF approximation, which employs the general spin orbitals
(GSOs) to allow spin-canting,”?’ is called the generalized HF
(GHF) approximation. We here note that Eqs. 6 and 7 are for
GHF, in contrast to the standard formulation® in which the spin
variables are reduced. The GSO is a superposition of & and f
states as

V.(rar) /0]

i(rp) llf,- (r)
The corresponding first-order reduced spin density matrix
(1-DM) includes not only spinless part p(r;r’), but also,

m=x,y,z*

Yt @) eyt o)

p,(rir) = ) .
VP oy Yoyl o)
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[ PaalT ') Pup(rir’)
B Ppa(T;Y’)  pga(r;r’)
P (rzfr Db per) pe) —ip, (1)
= . (10
i ey PG o
px(r’r)—i_lpy(r’r) T_pz(r’r)

We again note here that the 1-DMs of UHF solutions reduce to
two diagonal terms of right side of Eq. 10. Thus, the employ-
ment of GSO is essential in order to describe the full spin de-
gree of freedom of canting-spin systems. We described the the-
oretical background of GHF in the next section.

The Role of Broken-Symmetry of GHF Solutions
on Description of Physical Phenomena

While many quantum chemists reasonably hesitated to use
the UHF or GHF approaches due to their fundamental defects
concerning symmetry, some pioneers opened up the field of
“broken-symmetry quantum chemistry”.">’ As for funda-
mental aspects, Fukutome®* classified all possible types of
GHEF solutions from the viewpoint of spin-rotational (S) and
time reversal (T) groups. As described in the preceding section,
users can determine the symmetry framework of the HF solu-
tions. If one chooses a S x T symmetry-allowed (SA) initial
guess, the HF equation gives a SA solution. On the other hand,
when we start from a trial MO having no symmetry of S x T, a
fully broken-symmetry solution might be obtained. However, if
a trial MO has symmetry of a subgroup of S x T, which we de-
noted here as G, a symmetry restriction of a GHF solution also
follows the symmetry of the group G. All eight subgroups {G}
of S x T are derived and those first-order reduced density ma-
trices of the corresponding eight types of GHF solutions are an-
alyzed from the standpoints of physical properties. All types of
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GHEF solutions are listed in Fig. 1; these are the same as those in
paper’* except that we use the term “helical spin density wave
(HSDW)” instead of torsional spin density wave (TSDW). In
Fig. 1, we also present the physical fundamental variables of
each class in the real space representation, instead of in the den-
sity matrix form written in the original paper, in order to con-
nect to the discussion of GSO-DFT provided in later sections.
These fundamental variables imply the physical functionality
of the corresponding state. The {p,,(r)},,—,, . are spin densities
so that the corresponding state exhibits magnetism. If the Ry in-
cludes ]p(r) and {fsm(r)}mzx,y,z, the corresponding electronic
structure involves charge current and spin currents, respective-
ly. This classification of GHF solutions was extended to include
the spatial point group (P), i.e., to P x S x T, by Ozaki and Fu-
kutome.?> Ozaki further developed the classification of Har-
tree-Fock-Bogoliubov (HFB) solutions®® in order to analyze
the superconductivity states. On the other hand, K. Yamaguchi
et al.”” added the permutation symmetry (P,)to P x S x T, and
discussed the interrelationships among the HF theory, the Hei-
senberg model, the Hiickel theory, and the extended HF theory,
from the viewpoint of P, x P x S x T symmetry.

The classification of GHF covers most of electronic states
while conserving the electron numbers. Properties can be de-
scribed by using one-electron density matrix: charge density
wave (CDW), charge current wave (CCW), spin current wave
(SCW), one-dimensional (1D), two-dimensional (2D), and
three-dimensional (3D) spin density waves (SDWs). In other
words, these states can be described by using GHF approxima-
tions.

The Role of Broken-Symmetry of GHF
Solutions on Electron Correlation

In this section, we discuss the electron correlation, which can
be covered by the spin-restricted and spin unrestricted HF solu-

Time-reversal invariant closed shell

(TICS)
Rojes(r) ={p ()}

Charge current wave
(CCW)

Reew(r) ={p (), J (r)}

Axial spin current

wave (ASCW) (ASDW)

Rasew = {p (l'),JsZ(l')}

Axial spin density wave

Raspw = {p (r), pz(l‘)}

Axial spin wave
(ASW)

Rusw = |p(0 pe0).J, 0.5, (1)}

Torsional spin current

wave (TSCW) (HSDW)

Rasow = fp 0. pel0). Ts0)]

Helical spin density wave

Risso | p(1: ps(F).pale). I ()]

Torsional spin wave
(TSW)

RTSW =

{0 et 930, 2 0. 7,00, Ts(m)}

Fig. 1. The classification of GSO solutions and the corresponding set of fundamental physical variables, R. Here p(r), fp(r),
{Pn(®)} =y, are the electron density, the charge current, and the spin densities of a direction m, respectively. Js, (r) and
Js(r) are spin currents with the fixed direction, m, and of three-dimensional, respectively.
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tions. The electron—electron interaction term can be expressed
as

Ve=X,, [[ande S poax.an

by using the second-order reduced density matrix (2-DM) de-
fined by,

NN — 1) )
Pr(X1,X2) = T//dX3...dXN|\IJ(X1,X2,X3,...XN)| .
(12)

Under the GHF approximation, 0,(X;,Xz) can be expanded by
first order reduced density matrix 0,(X;;Xz) and spin density
matrix 0;(X) as

1
Pr(X1,X) = 3 (01X (X2) — P (X15X2) 01 (X2;X1)).  (13)

By substituting the first term into Eq. 11, we obtain the classi-
cal coulomb interaction:

clmb /fd d

On the other hand, the last term leads to the exchange interac-

tion,
1
—f/dl‘ldrzi
[r] — 12|

X,V.Z
[ P1(r1;12) 01 (ra; 1) + Z Pn(T1512)0,,(12; 1'1)}

pr)p(ra)

(14a)
[r; — 1|

(14b)

Here, p,,(r;;r2) is a m-component spin density matrix. Thus
0,(X1;X2), which is related to the electron interaction term giv-
en by Eq. 11, is rewritten as:

1 1
Zsm 0r(X1,Xp) = 5,0(1‘1),0(1‘2) 3 P1(ri;312)p;(ra; 1))

XY.2

= P 12)P, (x5 1), (15)

In the case of RHF solutions for closed shell systems, the third
term on the right side of Eq. 15 vanishes and p, (X, X;) reduces
to spinless 2-DM, p,(r,r2). Then we further divided p,(r;,12)
into that of parallel spin pairs, p§°(ri,r2) = 0,(r10,120)
(0 = & or B), and that of antiparallel spin pairs, pg (ry,rp) =
P, (ria, 1y B) as:

1 1
90(ry, 1) = 1 o) pr:) — 1 P1(ri;1)p (s ry),  (162)
N 1

pf@uh)zzp@OMm) (16b)

Now we should note that the on-top pair density (OTPD),
P5(r1,12)|¢,—r,» Which is the probability that two electrons co-
exist should be equal to zero if the electron correlation is taken
into account. Otherwise, the OTPD contributes to a positive en-
ergy of V.. Indeed, pJ°(ry,r2)ly,—r, = 0, which implies that
the electron correlation between parallel spin pairs are fully in-
cluded in RHF solutions because we employed the Slater deter-
minant given by Eq. 6. On the other hand, the OTPD for anti-
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parallel spins becomes

(p)/2)* = p*)pP(x). (17)

This result implies that there are no correlation effects between
different spins in RHF solutions. The failure of the RHF ap-
proach is ascribed to this Eq. 17. For instance, let us consider
the dissociation curve of a hydrogen molecule with a minimal
basis. If the two hydrogen atoms bond tightly, two electrons oc-
cupied the same bonding orbital:

2P r) =

1

Vina®) = 5 (1 + G0, (18a)
which is energetically favored due to the nuclear attraction and
kinetic energy terms. Here a factor due to the overlap of AOs is
omitted. However, as the interatomic distance increases, the
coulomb interaction term between two electrons dominates
over other terms, and the situation where two electrons are
more or less localized on different atoms is expected to be sta-
ble. However, since in the RHF approximation there is no free-
dom to avoid the pair-occupancy as seen in Eq. 17, the dissoci-
ation of hydrogen molecule can not be described. Indeed, as
shown in Fig. 2, the RHF solutions are good approximations
to exact CI solutions, but become unstable as the interatomic
distance increases.

On the other hand, a degree of freedom to mix the bonding
orbital, wbond and antibonding orbital,

%WMZ%%_WM (18b)
can be introduced into the UHF solutions,

@*(r) = €08 OYy,0,4(1) + $in O i0na (1), (192)

PP (r) = €08 O ponq(r) = Sin O ipona(D)- (19b)

Here the range of 6 is given by 0 < 6 < 7. Both UHF orbitals
given by Eq. 19 reduce to that of Eq. 18a if 8 = 0, while 6 =
1t/4 corresponds to the completely dissociated hydrogen atoms.
The contributions to 2-DM from parallel and antiparalell spin
pairs become

06
X
orl g ]
X
08 <X HFRHF) |
< X O UHF
: X ¢ CI
%" 0.9 o
: e e e eee
B 50 e®
e .
K J
*
L 4
2k g

-1.2
0.3 1 1.5 2 2.5 3 3.5

Interatomic distance/A

Fig. 2. Potential curves of a hydrogen molecule calculated
by RHF, UHF, and CI methods with the minimal (STO-
3G) basis set.
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05°(r1, 1) = P (r)p°(r) — PY(risr)pf(r;r)  (20a)
1
02,y = S P )
1/1
=5 (Z p(ry)p(r) — ,Oz(rl)pz(rz)). (20b)

The most remarkable feature is that OTPD between antiparallel
spins, p2 (rl, 2)|r, —r,, decreases as the electrons are localized
to two different atoms. At 6 = /4, p2 (r1,1’2)|rl_,r2 becomes
zero, achieving the complete treatment of the electron correla-
tion between o and f electrons. Indeed, UHF solutions show
the correct dissociation behavior of hydrogen molecule and
give the same results as CI ones at the dissociation limit as
shown in Fig. 2.

Here we note that the spin density, p°(r), which appears in
Eq. 20b plays an essential role in the electron correlation of
the UHF approximation. Now we consider the singlet state of
hydrogen molecule, so that this indicates that we utilize the bro-
ken-symmetry feature of the HF approximation to reproduce
the good pair correlation. This relation between the symmetry
density of the GHF approximation and the electron correlation
was first discussed by Yamaguchi in 1978.2% As described be-
low, similar logic was applied for Kohn—Sham solutions by
Perdew et al. in 1995 to escape the symmetry-dilemma of
KS-DFT.?

It should be commented that the electron correlation effects
covered by the UHF approximation are limited to those be-
tween electrons that occupy the same orbitals in the RHF limit.
If we employ the GHF approximation, the number of electrons
that correlate with each other might be considerably extended.
However, that situation is only for the case of spin-frustrated or
spin-degenerated cases described below. So, usually, we must
apply an expansion of a wavefunction described in order to take
the electron correlation into account.

Symmetry-Adapted Approaches Based on
an Expansion of a Wavefunction

The HF approximation never gives an exact solution except
for the noninteracting case. Usually an exact solution is ex-
pressed as a linear combination between a RHF configuration
and all symmetry-adapted excited configurations:®

__ HF 5 HF r R rS A rst g rst
v=Ccro +§ :Caq) +§ : abcbab+ z : abcq>abc cee
ar abrs abcrst

@2y

where the first term is the RHF configuration, @/, is a singly ex-
cited one, @77 is a doubly excited one, etc. The expansion co-
efficients are determined to satisfy Eq. 3, usually by diagonal-
izing the Hamiltonian matrix. This exact approach is denoted
by full configuration interaction (CI). The full CI is also not fea-
sible even for a small molecule such as a benzene molecule, be-
cause the number of terms at the right side of Eq. 20 becomes
enormous in general. Thus the truncation of the expansion is
usually done, leading to CI double (CID), or CI single-and-dou-
ble (CISD), etc. The most widely used wavefunction is the
complete-active-space (CAS) based wavefunction.’® To con-
trust a CAS wavefunction, we must divide MO’s into three
spaces by judging from the occupied and virtual orbital ener-
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gies of HF solutions. Canonical orbitals near the HOMO and
LUMO are chosen as CAS orbitals, while MOs having much
lower energies than HOMO, and those much higher than
LUMO are classified into core orbitals and virtual orbitals, re-
spectively. Then, the CAS wavefunction is obtained by expand-
ing all configurations within CAS orbitals:

All exitations
within CAS space

YOAS = CHF@HF 4 Ci®;. (22)
One key point of CAS-based approaches is the selection of the
active space. As for the molecular magnetic systems, we apply
the UHF natural orbitals (NOs)?'-33 which are obtained by di-
agonalizing the electron density of UHF solutions as p(r) =
> nilqﬁi(r)lz. Occupation numbers of UNOs for radical spe-
cies, {n;}, dictate three groups of UNOs for CAS computations.
Almost doubly- and un-occupied UNOs are treated as core and
virtual orbitals, respectively; neigther of these contribute any
magnetic properties in the corresponding UHF solution. The
UNOs having a fractional occupation number (0 < n; < 2.0)
are mainly responsible for the non-dynamical correlations of
target species, which are results of degenerate or near-degener-
ate effects, so that are appropriate for active orbitals of CASCI
or CASSCF. The extension from UNO to GHF NO is trivial.

For the qualitative discussion of nondynamical effects and
the state specific characters such as ionic and/or radical,
CASCI or CASSCEF approaches are effective if the CAS is ap-
propriately large. This is because all of the resonance states to
stabilize the electronic state can be included if the CAS covers
the full valence orbitals. Indeed, we examined whether the spin-
crossovers occurred for hole-doped bis-and-tris(methylene)-
amines®* and hole-doped polycarbenes® by carrying out
CASSCEF calculations; these were consistent with the qualita-
tive discussion based on spin polarization-and-delocalization
rules and with an experimental result. For instance, the four es-
sential valence bond structures of the doublet spin state meta-
phenylene bis(methylene) shown in Fig. 3, one of which corre-
sponds to an UHF solution, can be included with CASSCF so-
lutions.> Further, for quantitative purposes, we show that the
second-order perturbation method (PT2) based on CASSCF
(CASPT2) gave the highly qualitative results for estimation
of effective exchange interactions of simple radical systems
such as the hydrogen cluster,’® the dimer of triplet methyl-
enes,>? and the organic ion-radical cited above. 3433

SO
>
=
=®
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Fig. 3. The important VB structures for the doublet state of
the meta-phenylene bis(methylene).
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However, there is a problem concerning the computational
costs in these CAS based methods. In order to expand the wave-
function fully for the systems involving many active electrons-
and-spaces, huge computer resources are needed. To resolve
this problem, the fragment MO approach®’ of the CAS based
methods, which has been recently developed, seems to be a
most promising direction of ab initio WFT towards macromo-
lecules. However, if the active electrons-and-orbitals are local-
ized in the small and functional unit, as in the case of single mo-
lecular magnets like Mnj,Ac,?® of which the number of active
electrons is more than 40, a CAS computation of this fragment
will be not feasible. Thus, the use of the DFT is the only meas-
ure left for such cases.

Generalized Spin Orbital Density Functional Theory

In the Hohenberg—Kohn theorem and its extension of spin
variables,?** the fundamental parameter of an N-electrons
system is the spin density, which is the spatial diagonal part
of py(r,r’) given in Eq. 10:

_ pao{(r) paﬁ(r)
£l0) = (pﬂ,xr) p55<r)>

_Pm
)

(23)
E+)> " 0,00,

Here E is a unit matrix and {0,,},,—,,. are Pauli matrices. We
note that the dimension of the fundamental variable reduces to
3 from 3N of WFT. According to Levy’s formulation, the
ground state energy is determined by minimizing over the space
of all N-representable spin densities:*>*3

Fe minpsm_)N{ Flo,m)] + / drrrvgxxr)ps(r)}, (24)

where V,(r) is the coordinate representation of the external
potential operator V. F[p(r)] is the universal functional
which is defined as

FLp,(r)] = ming_, o) (YT + V.| W), (25)

where T and V,. are the kinetic energy and electron repulsion
operators, respectively. The Euler equation becomes

SFIDON _ oo ) 4 85 . 26)

80g,0 @) "

This is the original equation in DFT, but we do not know the
form of F[p,(r)] to be solved. The symmetry of the spin densi-
ty, as well as that of the wavefunction, is restricted by a given
Veu(r).

On the other hand, the KS system is based on the minimizing
of the kinetic energy functional,

T,[p,(1)] = ming_, p ) (®|T|P)
N V-2
=> (Wil - - ). 27)
i=1

Thus, the auxiliary KS wavefunction become the SD one, intro-
ducing a noninteracting picture of the KS theory. Through the
Euler equation which is derived from Eq. 27,
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STslp, 0]

(Spo'lo'z(r) B _Vgﬁ M(r) +8O-10-2M. (28)

The minimization of the expectation value of the KS
Hamiltonian is given by

E = minp.\_(,HN{Ts[ps(rn + / drTrvaf(r)pS(r)}
= Mingen(P®|Ts + V| P). (29)

By substituting the relation,
Ts[py(0)] = Flp,(r)] — J[p,(r)] — Exc[0,(r)], (30)

where J[p,(r)] is the classical coulomb term and E,.[p,(r)] is

the XC functional, into the Eq. 28 and using Eq. 26, one

obtains this KS effective potential:

n(r)  OExc[p,(r)]

800,0,(r)
(3D

Ve (0) = VI (0) + 86,0, /dr’ o

Thus the set of equations for KS orbitals that appeared in the
second line of Eq. 27 becomes

v? , n()
2[8(’"’2{_2+/dr |r—r'|}

02

SExc

p,

+ ™) + V5™ (l‘)] Yrm =gy, (32)

0,0
If an external magnetic field is absent, V., (r) reduces to the nu-
clear attraction potential so that the GSO treatment described in
this section might be meaningless. Is this statement true? The
problem is whether the exact spin-allowed solution can be al-
ways obtained in principle. We discuss the validity of the KS
theory in relation to this problem in the next section.

Instability, Symmetry-Breaking and General
Density Functional Theory for Strongly
Correlated Electron Systems

Many KS-DFT users know from their experience that the
spin polarization often occurs for a homolysis of a chemical
bond, or for an antiferromagnetic state of a solid, even in the
case of the singlet state without no external field. Obviously,
this is incorrect from the viewpoint of nonrelativistic quantum
mechanics. This broken-symmetry feature of KS theory is a
more serious problem than that of the HF approximation be-
cause, in contrast to the HF approximation, the KS-DFT is
thought to be “exact” theory “without approximation”, at least
in principle. Towards a more accurate KS-DFT, the essential
part of the KS theory, i.e., exchange-correlation (XC) function-
al has been improved step by step: starting from the local spin
density approximation (LSDA),* the generalized gradient ap-
proximation (GGA)**¢ involving gradient correction terms,
the meta-GGA,*” and now the hybrid methods*® which are
combining LSDA, GGA with the HF approximation, are most
widely used. Here some fundamental questions arise: why do
the broken-symmetry solutions often become stable for strong
correlated systems, although the KS theory is an exact theory
in principle? If the cause of all defaults is the “approximated”
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XC functional, will a series of such improvements on the XC
functional lead to the “exact” XC functional of the KS theory
in the future, by which we can obtain the spin-symmetry adapt-
ed KS solutions for magnetic systems? From the standpoint of
quantum chemists, these questions are inevitable in applica-
tions of KS-DFT for strongly correlated systems.

Here, we consider the H, molecule within the minimal basis
set as an example. In this case, the density is expressed by nat-
ural orbitals (NOs) as

,O(l') = nv/bond(r)z + (2 - n)wantibond(r)z' (33)

Here Y, 4 and ¥, iona are bond and anti-bond NOs, respec-
tively. Here we employed the minimal basis and there is no
freedom for the orbital relaxation, so that the functional shapes
of bonding and antibonding oribtals are uniquely given by
Eq. 18. In addition, the sum of occupation numbers is 2. Thus
there is a one-to-one correspondence between occupation num-
ber of a bond NO, n, and density, p(r). So, if the KS theory is
exact, the occupation number of the calculated NOs must be
equal to those of CI. In the KS picture for any closed-shell
molecule, an occupation number of a KS orbital is always equal
to 2 (occupied) or to O (unoccupied), for it is an occupation
number of its natural orbital, as shown in Fig. 4. On the other
hand, the occupation numbers of bonding NOs of CI solutions
become fractional due to many-body effects over the whole re-
gion of interatomic distances. As described above, the couple of
natural orbitals of KS solutions are equal to those of CI solu-
tions:

Voona(®) = Viona(®) = Yigna(r). (34a)
wamibond(r) = wistibond(r) = wg:tibond(r)' (34b)

Thus, the difference in the occupation number between KS so-
lutions and CI solutions implies that KS theory provides the in-
correct density for this case, unless |V, .q(| = ¥ mibond ()
that would yield a nonbonding density.

Here we note that this situation can never be improved by
any change on the XC functional. In other words, there is no
“exact XC functional” of the KS theory, by which the exact

2.2
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Fig. 4. The occupation numbers of RKS, UKS, and CI solu-
tions for dissociation curves of a hydrogen molecule with
the STO-3G basis set.
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density is obtained. The reason for this failure of KS theory
is ascribed not to the approximated XC functional, but to the
noninteracting picture that is the theoretical framework of KS
theory. The density given by Eq. 33 with fractional occupation
numbers (FON5) is beyond the scope of KS theory. In order to
assess the validity of the electronic structure theory, we should
also take the influence of the basis set into account; we do not
intend to prove the invalidity of the KS theory in general by tak-
ing this example. However, as is widely known, the hydrogen
molecule with the minimal basis is a most fundamental system
exhibiting a chemical bond. Thus, the failure of KS theory for
this system implies that the KS theory is not always an “exact”
or “accurate” theory in the actual quantum chemistry calcula-
tions.

Further, we should emphasize that KS solutions approximat-
ed well to the exact solutions near the equilibrium distance,
while the differences between KS and CI solutions become re-
markable as the interatomic distance increases, as shown in
Fig. 4. The dissociated hydrogen molecule is the simplest mod-
el for the diradical systems, so that we anticipate that the KS
theory will not work well for such cases even as an approximat-
ed theory. Indeed, many researchers pointed out the failure of
the KS theory for diradical systems and intended to develop
new electronic structure theories such as FON-DFT*->! and
CAS-DFT,’%4 in which the CAS-WFT and KS-DFT are com-
bined.

On the other hand, in most of the KS-DFT calculations for
magnetic systems, we usually remove the restriction of the dou-
ble occupation in one orbital and employ the different-orbital-
for-different-spin (DODS) picture in a similar manner to the
UHF approximation. In fact, as shown in Fig. 4, the unrestrict-
ed KS (UKS) results gave excellent agreement with the exact
results on the occupation numbers and also those on densities,
by employing the “DODS type” MO. Here we employed the
GGA-II functional*® as a XC functional, but similar improve-
ments are also observed for all of standard XC functionals.
These remarkably good densities of UKS solutions arise from
the non-zero 6 in UKS orbitals as in the case of UHF orbitals:

goa = Cos ewbond + sin ewamibonw (358.)

goﬁ = Cos QWbond —sin GWantibond‘ (35b)
The corresponding density is given by

o(r) = 2cos® O, (1) + 2sin> QY (v, (36)

presenting the FON character. However, it is also noted that the
non-zero 6 also yields the spin density:

pz(r) = 2sin 29wbond(r)wantibnnd (I‘), (37)

i.e., the the broken-symmetry feature of UKS solutions is inevi-
table to reproduce the exact density. However, we would like to
emphasize a positive aspect of Eq. 36: the parameter, 6, can be
used to reproduce an exact density by exploiting the broken-
symmetry feature of UKS solutions.

There remains another question: why is the spin-symmetry
broken solution admissible in the KS theory? This problem
arises from the mathematical features of the KS equation. That
is, the KS equation becomes a non-linear equation, in contrast
to that the original Schrédinger equation for many-electrons is a
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linear equation, because the effective KS Hamiltonian depends
on the KS solutions via a spin-density matrix in a manner sim-
ilar to the case of HF approximation. In other words, the KS
theory is also one of mean field theories so that the symmetry
framework is determined not a priori, but by the initial spin
density which is given by us. This fact is also proved mathemat-
ically by Gorling.*

Many theoretical researchers in the field of DFT struggled to
resolve this spin-broken-symmetry problem. Gorling proposed
the symmetrized DFT by employing totally symmetrical part of
spin density as the fundamental parameter.*® On the other hand,
Perdew et al. have suggested employing the on-top pair density
(OTPD), p,(r1,12)ly,—r,» as a fundamental parameter instead of
the spin density in LSDA and GGA.?° Their suggestion to uti-
lize the OTPD is useful for interpretation of the spin-polarized
solutions, because the OTPD is an important measure of solu-
tions for electron correlations as shown by Yamaguchi.?®

We examined the validity of the KS theory for description of
a simple chemical bond. Previously, fundamental defects of KS
theory are reported for several other situations.”>>’ One exam-
ple is the multiplets of atoms, which were firstly suggested by
von Barth.>> He pointed out that the relative energies of multip-
lets of atoms could not be described by using the usual XC
functional of KS method unless state-specific functionals are
used. A FON scheme proposed by Filatov and Shaik™ is such
a system-dependent approach. Levy and Perdew proved that
the convex sum of degenerate ground-state densities is not
non-interacting v-representable,’® providing a counterexample
for the exactness of the KS theory. Many systems involving
the degeneracy of the ground state configuration might be be-
yond the scope of the non-interacting picture of the KS theory.
Savin’” showed that the degeneracy problem in various chemi-
cal bonds required the ensemble density functional or the multi-
determinental wavefunction. He also argued the viability, as
well as the limits, of the UKS approach based on the scenario
of Ref. 29. We will present how the scope of the broken-sym-
metry DFT can be extended by use of GSO in a later section.

It seems reasonable to conclude from the discussion in this
section that the UKS theory is not the exact DFT, but is an ef-
fective theory as a density-and-OTPD functional theory. A sim-
ilar statement holds for GSO-DFT, since for a GSO solution the
OTPD is improved as?®

X, V.2

1
par,1) = £ p(r)? — Z LX) (38)

The spin broken-symmetry feature is useful to take the electron
correlation into account for description of the density, OTPD,
and energy, enabling us to describe the electronic structure of
molecular magnetism.’' In addition, we have previously
showed that the properties arising from the broken-symmetry,
such as effective exchange effective integrals and spin densi-
ties, are useful pieces of information for comparison with the
experimental results.>®

Consideration about the Symmetry of GSO-DFT

As described above, the initial spin densities constitute a
symmetry framework of the KS equation. This situation is
the same as the mean field approximation (MFA), for example,
of the Heisenberg model,’
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Ayg = =Y J;8i-8 — Hyf* = = " " J(8)-5. (39)
i#] Joi#E)

The Hamiltonian on the right hand side implies that the symme-
try of the effective Hamiltonian is determined by the initial spin
densities {(S‘,-)} and the given parameters of the effective ex-
change integrals {/;}. The symmetry framework of Hyp is
the product group of the spin-rotational (S) and time-reversal
(T) groups. In contrast, the MFA leads to the classical spin pic-
ture because the Hamiltonian is the effective one to describe
one-particle in the mean-field formed by other particles. Thus,
the MFA solutions can be discussed using a magnetic
symmetry.>’

It follows from this discussion that the classification of KS-
DFT can also be achieved by utilizing the Fukutome symmetry.
The GHF-type solutions of the KS equation have been dis-
cussed by Yamaguchi.®® The classification of GHF of KS-aux-
iliary density matrices was discussed by Weiner and Trickey.°!
We note here that the fundamental variables in KS-DFT are on-
ly spin densities and densities given by Eq. 23, which connect-
ed the symmetry and the search region of the spin DFT.%% The
concrete types of KS solutions in the context of spin DFT can
be listed as follows. The symmetric KS solution is called T-in-
variant closed shell (TICS)-type; it is a SA solution for S x T.
The collinear magnetic solution is invariant to a subgroup
A(e)M(e’), which we called axial spin density wave (ASDW).
Here A(e) is the subgroup of S consisting of all spin rotations
around a fixed axis e and M(e’) is the group of order two gen-
erated by the T operation with the 77 spin rotation around a axis,
¢’ which is perpendicular to e. HSDW and torsional spin wave
(TSW) are noncollinear magnetic solutions which are invariant
to M(e) and identity element 1, respectively. Since the spin axis
can be arbitrarily chosen for a spin-isotropic Hamiltonian, the
relation

S x T D A(e)M(e') D M(e') D 1, (40)
holds. Since the elements of these subgroups give the restric-

tion about the symmetry of the spin density, the relation for
the search regions in the first line of Eq. 29 is

Drics C Daspw C Duspw C Drsw, 41)
Drics, Daspw, Duspw, and Drgy are sets constituted of zero-,

one-, two-, and three-dimensional spin densities respectively,
as follows:

1
D7ics = {ps(r) = 3 pP(E; /drTr,Os(r) = N}, (42a)

1
Daspw = {Ps(l‘) =3 pP(E

+ p.(r)o;; /drTrps(r) = N}, (42b)
1
Dgspw = {Ps(l') =3 p(rE
+ Z::;Z pn1(r)gin; /dl‘Tr,Os(r) = N}, (42C)
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Fig. 5. The correspondence between the symmetry frame-
work and the search region for GSO-DFT solutions. The
right Venn diagram is of the symmetry groups the left
one of search regions of GSO-DFT. As a symmetry restric-
tion becomes more tight, the shade becomes deeper.

1
Drsw = {ps(r) =3 P(E

+ D P00 / drTrp,(r) = N}. (42d)
The correspondence between the symmetry framework and the
search region of GSO-DFT is depicted in Fig. 5. We here ne-
glect, for simplicity of the expression of Drycs, a SA open-shell
case in which a TICS solution always emerges as a more stable
ASDW solution. We also omitted the auxiliary charge-current
and spin-current®' in the HSDW and TSW solutions. The other
subgroups enumerated in Fig. 1, which we do not describe in
this section, will be essential for current and spin-DFT
(CSDFT),%* since the corresponding solutions exhibit the
charge- and/or spin-currents. In particular, the charge currents
are a fundamental variable when we describe the electron-
transfer phenomena. The inclusion relation for the constrained
search regions means that the higher symmetric solution can be
obtained from a lower symmetric initial guess of KS equations.
As is well known, even if we use a spin-unrestricted initial
guess for a hydrogen molecule at the equilibrium geometry,
we can automatically obtain the spin-restricted solution after
the SCF convergence, since the TICS solution is also included
in Dspw. However, since the spin density for the spin-unre-
stricted solution is not included in Dpycg, no ASDW solution
can ever obtained by choosing the TICS initial guess. There
is a similar relation between collinear (Daspw) and noncollin-
ear (Dyspw or Drsy) magnetic systems. Thus, employing a
wider region with XC functional is essential for GSO-DFT.

In order to exploit Dysw or Dyspw as a search region, the XC
function of the GSO-LSDA,*-64-68

Exclp..p 1= / dr(0, (6) + p_(0)EP, (£). p_(r))  (43)

must be employed for Eq. 32. Here it should be noted that the
localized up- (0, ) and down- (0_) spin densities are expressed
not by p, and pg, but by

p1(r) = p(r) = |Tro p,(r)|/2. (44)

Here we should note that Tra',os(r)/2 = (0. P, P.) is a local
spin. The extensions to GSO-GGA,*7° GSO-SIC-DFT,”
GSO-GW.,”!" and GSO-hybrid’? are straightforward. The unre-
striction of the local spin directions means the extension of
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Fig. 6. Geometries and spin structures of the model sys-
tems. (A) The model of noncollinear magnetic system of
1D linear chain. (B) An equilateral triangular system and
its stable spin structure. (C) The model system for tetrahe-
dral spin clusters such as FesS4 and MnsOy4. (C1) The
ASDW state, (C2) the HSDW state, and (C3) the TSW
state for the T, cluster.

the search region from Djspw employed in the conventional
LSDA scheme to Dygw or Dyspw in the GSO-LSDA scheme.

Several applications of GSO-DFT for noncollinear molecu-
lar magnetism are presented in the next section.

GSO-DFT Studies of Multicenter Clusters

The investigation of noncollinear magnetism has been start-
ed from the explanation in 1959 of the spiral spin state of MnO,
by Yoshimori,”> who used the classical Heisenberg (CHB)
model.' For instance, the linear infinite chain of radical sources
of which the nearest [J;] and the next-nearest neighbor [J,] ef-
fective exchange interactions compete with each other, is well
known to be a helical spin density wave state (HSDW) as
shown in Fig. 6(A). The first generation of the researchers con-
cerning noncollinear magnetism analyzed the magnetism of
solids in a similar manner.! The GSO-LSDA, which was first
proposed by von Barth and Hedin® in 1972, has also been ap-
plied for HSDW states of solids.®>% As for the molecular sys-
tems, in 1998, Oda et al. performed the GSO-LSDA computa-
tion for iron clusters by employing a planewave basis and an
ultrasoft pseudopotential.®® We also have performed the linear
combination of gaussian-type orbital (LCGTO) computations
of GSO-DFT for noncollinear molecular magnetic sys-
tems.0%67:08.70-7274-76 T these studies we examined, by using
ab initio GSO-DFT methods, several unfamiliar molecular
magnetic states, some of which have been predicted by precur-
sors.”’80 The first type of a noncollinear molecular magnetic
system is a multicenter cluster exhibiting the spin-frustration.
The simplest example is an equilateral triangular Hs;. GSO
treatment of DFT is essential for this type of spin-frustrated sys-
tems in which competing exchange interactions lead to an en-
ergetically preferred 2D spin structure, as shown in Fig. 6(B).
The stability of this type of HSDW state can be predicted by
the CHB model, and indeed is confirmed for H; by GHF??
and GSO-DFT,” and for Cr; by GSO-DFT.”* On the other
hand, Yamaguchi et al.”’%° and Fukutome et al.”® discussed a
possible type of solution for tetrahedral clusters that is illustrat-
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ed in Fig. 6(C). The CHB model of tetrahedral (7,) type of clus-
ters illustrated in Fig. 6(C) 3D spin structure provides the same
energy for ASDW (Fig. 6(C1)), HSDW (Fig. 6(C2)), and TSW
(Fig. 6(C3)) states. This system is thought to be the simplest
model of the cubane clusters such as iron-sulfur clusters
(Fe4S4) and manganese-oxide clusters (Mny0,4).%° From the
analysis of the magnetic susceptibility, it was reported that all
values of effective integrals are negative for [FesS4(SPh)4]"~
(n = 2,3)% and (C,H4sN30Mn(11))42H,0.%? The ASDW state
of Fig. 6(C1) seems to be inappropriate, since it exhibits two
local ferromagnetic couplings. Further, the precursors of GSO
theories predicted the TSW state of Fig. 6(C3).”%7° However,
it was reported that the HSDW of Hy(7},),”® and the ASDW
states of Fe4(7,;)% become stable by GHF/INDO and GSO-
LSDA, respectively. Thus, we first examined whether the
TSW state becomes a most stable spin state. From our compu-
tation of LCGTO GSO-LSDA, we founded that the TSW state
becomes more stable than the other two (ASDW and HSDW)
states,®” which is contrast with the previous calculational re-
sults presented by others,°®® but is consistent with the fore-
sights of some previous researchers.”’~’® Further, for long in-
teratomic distances of Hy(7}), all three states are nearly degen-
erate, so we speculated that the stability of the TSW state could
be ascribed to the itinerant electron term rather than to ex-
change terms. In fact, the XC term of GSO-LSDA given by
Eq. 43 does not depend on the local direction of spins, so that
all spin states are degenerate if the orbital relaxation is neglect-
ed. Further, we discussed the role of the TSW spin structure in
the reaction path for conserving the D,; symmetry. The flexible
spin structure of the TSW state is essential to interconnect con-
tinuously between the ASDW state of Hy(Dy;,) and the HSDW
state of perpendicular two hydrogen molecules, as shown in
Fig. 7.

We also found that the TSW states are ground spin states for
the cubane cluster, Mns(I[)O,"? by using the GSO-LSDA,
GSO-GGA, and GSO-Hybrid methods. These results are con-
sistent with the experimental results of effective exchange inte-
grals,%? while all spin states are nearly degenerate for Mny(II)
without bridged anions, i.e., without the itinerant electrons.
Furthermore, we found that TSW types of noncollinear molec-
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ular magnetism become ground states for Cr4(7;),’> bipyrami-
dal Crs,’° etc., at the ab initio GSO-DFT level.

In the real systems, there are some factors to disturb the sta-
bility of the 3D spin structures cited above. The small changes
on the molecular structure owing to the Jahn—Teller (JT) effect
or the asymmetric environment (ligands and proteins surround-
ing the cluster) are expected to make the low-dimensional spin
ordering stable since these factors remove the spin degeneracy
of the 1D- and/or 2D spin structures. Indeed, the molecular ge-
ometries described above have high-symmetries, which usually
induce the JT distortion. Dzyaloshinsky—Moriya interactions
due to spin-orbit effects and double-exchange interactions
due to the mixed valency also provide other factors to change
the spin-structure. Nevertheless, we conclude from our compu-
tational results that we need to incorporate at least three spin
density variables to express the spin structure completely.

GSO-DFT Studies of Spin-Canting or
Spin-Inversion Reactions

In recent ab initio studies of the magnetic materials, re-
searchers often make use of the orbital degree of freedom.?
For molecular magnetism, a spin alignment rule including
non-biparticle organic systems and spin-intermediate states
has been proposed by Yamaguchi.> Assigning a full spin degree
of freedom to an orbital rather than to an atom or a molecule is
expected to enable us to design the molecular magnetic systems
in fine detail.

From the viewpoint of the chemical reaction, the orbital-and-
spin coupled magnetism is related to spin-intermediate states
and/or spin-inversion processes due to relativistic interaction.
Although spin-canting and/or spin-inversion reactions are
ubiquitous among oxidation reactions,3* there was no appropri-
ate ab initio treatment for those phenomena before our GSO-
DFT study.%? Thus, we would like to present here the applica-
bility of the GSO-DFT for cleavage of the oxygen molecule as a
very simple example of those situations.

To clarify the story, we illustrate the spin structural changes
of the oxygen-bond cleavage schematically in Fig. 8. As is well
known, the chemical-bond of the triplet oxygen is different
from others in that there are two ferromagnetically coupled

Fig. 7. Spin structural changes of Hy as the reaction path conserving the D,,; symmetry.
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Fig. 8. Schematic scenario of spin-structural changes of the cleavage of oxygen molecule. (A) Spin structure of oxygen molecule.
(B1) The intermediate and (C1) the dissociated states of oxygen molecule by using usual UKS-DFT. (B2) The intermediate and (C2)

the dissociated two triplet oxygen atoms by using GSO-DFT.

Fig. 9. The spin density plots of the oxygen cleavage calculated by GSO-B3LYP/6-31G**.

electrons (Fig. 8(A)) occupying the antibonding orbitals. As the
o bond dissociates, the usual DFT solutions suffer intra-atomic
spin frustration, as shown in Fig. 8§(B1), connecting to the ex-
cited dissociation limit consisting of a triplet oxygen atom
and a singlet oxygen atom (Fig. 8(C1)). Thus, the general spin
structure is expected to be necessary for the cleavage to avoid
the spin-frustration, as shown in Fig. 8(B2), by which appropri-
ately cleavage to two oxygen atoms in Fig. 8(C2). To confirm
this scenario, we have performed the GSO-B3LYP computa-
tion. The calculated spin densities are plotted in Fig. 9, being
consistent with our conjecture. At long enough distances, the
CHB energy provides the energy (Jo,0, + Jr,7,) cos 6 for the
angle between spins of two oxygen atoms, 8. We note that

the intra-atomic (Hund coupling) terms, — 2112 Jo ., are strong
enough to form the triplet oxygen atoms, so that we omitted
these terms. Usually, J5,6, < J,7, holds, resulting in the sin-
glet coupling of two oxygen atoms. It is noteworthy that this
implies the spin-inversion, which can be directly applied for
the singlet—triplet crossing reaction.’* Thus, in the context of
GSO-DFT approaches, there is no division between a spin-in-
termediate state and a spin-inversion process, for which the
GSO solutions break the spin-symmetry concerning ..

One might argue that most of the chemical properties such as
a equilibrium distance and binding energies calculated by
GSO-DFT are the same as those of usual ones, because the
GSO solutions reduce to UKS ones at equilibrium and to sepa-
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rated states in almost all cases. However, as an electronic struc-
ture approach to interconnect with molecular dynamics, the
GSO treatment is obviously essential to describe chemical reac-
tions when the oxygen type of the bond-dissociation is in-
volved. Indeed, if we estimate the binding energy of the oxygen
molecule by seeing the triplet potential surface of the usual
UB3LYP computation with a 6-31G** basis, it becomes
189.32 kcal/mol, which is much larger than the experimental
value, 118 kcal/mol. By utilizing the GSO-B3LYP/6-31G**
method, the binding energy reduces to 124.54 kcal/mol, which
is close to the experimental one.

Further, the spin intermediate states are often seen in the
functional materials such as the single-molecular-magnet.®
Thus, unfamiliar spin structures presented in this section, are
needed as a guideline to control the reactivity or functionality
of molecular compounds, because they have a more flexible
magnetic structure than the traditional collinear magnetism.

Resonating KS-DFT as a Post GSO-DFT Approach

As emphasized in the preceding sections, the GSO-DFT is a
very promising method for molecular magnetic systems. The
near degenerate effects are treated via a broken-symmetry pic-
ture of GSO-DFT solutions. The line-up of broken pictures cov-
ers the almost all electronic structures such as 1D-, 2D-, and
3D-SDW, CDW, or CCW etc. However, there might be a seri-
ous problem in the case in which some of the above electronic
structures coexist, such as the ionic radical systems. A very
simple example beyond the broken-symmetry DFT is H, ™, as
pointed out by Savin.3’ Even if we apply the GSO-DFT for ion-
ic radicals, only one configuration can be described. For in-
stance, only one configuration among the VB states in ionic
radical state shown in Fig. 3 can be described well by a GSO
picture, missing the resonation between these states. On the
other hand, the CAS-based approach covers the all quantum
fluctuations by including the configurations for the active elec-
trons and the active orbitals that contribute to the resonating
picture.3*3* However the CAS computation required the huge
computational resources, as described above.

Thus, a remedy for these problems is the resonation of GSO
configurations in a similar manner to that of the resonating Har-
tree—Fock (res HF) developed by Fukutome.®¢ Compared to
CAS-based approaches, the surpassing points of a res HF-type
of the WFT approach are (i) that we exploited the electron cor-
relation covered by broken-symmetry KS-DFT to reduce the
number of expansion terms, and (ii) that we do not miss the
physical picture of GSO solutions described in previous sec-
tions. The simple scheme of KS-DFT is several GSO-DFT
computations to obtain different types of solutions, followed
by the CI or multiconfiguration SCF (MCSCF) computation
of ab initio Hamiltonian using those GSO-DFT solutions as a
basis. This scheme is a particular kind of non-orthogonal CI
or MCSCEF. If we can find an appropriate generator coordinate
(GO), ., which is directly related to the types of GSO-solution,
the resonating KS-DFT solution can be expanded as

PR = f dpu| o) | WS

~ GSO-DFT GSO-DFT |,1,Res-KS
=0 D PGP REE P ke S),

(45)
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Here i is a index for types of GSO solutions listed in Fig. 1. A
sub-index, i, referes to a distinct number of type-“i” solutions
for the case that plural type-“i” solutions exist. In the actual
computations of res HF of a Hubbard model®” and a semi-em-
pirical MO,® Tgawa et al. showed that the results on spin-cor-
relation function similar to the exact result for an 1D half-filled
system, and on weights of components similar to the high-qual-
ity CI results for a carbon oxide, can be reproduced by the res
HF. In both examples, they utilized a UHF-type solution, but
introducing a GSO-type basis will spread the scope of this ap-
proach, for instance, for ubiquitous mixed valence multicenter
transition-metal systems,®® in which charge and 3D-canting-
spins might coexist, required a superposition of CDW and
TSW configurations of GSO-DFT to describe its electron struc-
ture. As an ab initio multiconfiguration (MC) approach to de-
scribe the electron correlation, Tomita et al. showed that the
res HF with few MC’s covers a correlation energy of a carbon
oxide to the same extent as CASSCF with a few hundred
MC’s.3° Very recently, Capelle® has applied a GC method
by taking the parameter «@ of the X,, functional as a GC param-
eter, but without using broken symmetry features of KS solu-
tions, for helium isoelectronic ions, yielding the nearly exact
energies. If we will exploit the GSO picture of DFT, the reso-
nating KS-DFT will be a powerful ab initio approach for both
qualitative and quantitative purposes.

Regional Symmetry and Regional GSO-QM Approach
for Macromolecular Systems

In the heterogeneous macromolecules such as metallo-en-
zymes’! involving the inorganic and organic building blocks,
the electronic structures are different each other. For instance,
the spin densities are usually more-or-less localized on the mo-
lecular units, including spin sources. Therefore it is enough to
treat only regions neighboring the spin sources by the GSO-
DFT, the remaining regions can be treated by the restricted
DFT. And, for the case of an electron transfer reaction
(ETR), the charge current flows along the path between the do-
nor and acceptor sites.”2 Thus, in order to describe an ETR in
huge macromolecules, it is enough to set up the freedom of
the charge current only on the electron-transfer path. The idea
described here, in which we exploit only the essential degree of
freedom in order to treat the macromolecular systems, is based
on the classification of the current and spin-current KS-DFT so-
lutions. The KS noninteracting energy to express this idea is
given by

E = ming,gym-n [ Ts[Rysw(r)]

+33 / drTrVeﬁf(r)R,-(r)}, (46)

where the double-summation over i and i, is same as that of the
resonating KS equation given by Eq. 45. We here note that the
integral region is divided into { f " dr} and R;(r) is an effective
fundamental variable for the region, f " dr. Then, Rrsw(r) re-
duces to R;(r) in this region. The kinetic term is expressed by
KS orbitals as in the case of GSO-DFT. Some typical QM re-
gions, of which the energy functional is given by
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Fig. 10. A schematic representation of a partitioned system
by the regional GSO-QM/MM approach. The TICS,
ASDW, TSW, and CCW regions are treated by using the
corresponding degree of freedom listed in Fig. 1.

TICS
Es = ming g, )N i Ts + / drTrVz(r)Rrics(r)

TSW

+ / drTrVes(r)Rrsw(r)
ASDW

+ / drTrVep(r)Rasw(r)

CCW
+ / dl‘TrVeff(I‘)Rccw(I‘) } s (47)

are schematically illustrated in Fig. 10. The usual electronic
structure of regions is the symmetry-restricted TICS one,
spreading out like the sea. The active sites involving ASW
and TSW states are expected to localize like islands. The tem-
poral ETR path described by a CCW state bridges between
these islands; the width of the path is determined by molecular
species and environments. We call this scheme “the regional
GSO-QM approach”.

Since the search region is directly related to the symmetry-
framework, as shown in Fig. 5, we mean by Eq. 46 that we
have introduced ‘“the regional symmetry” to mask the degree
of freedom of the first-order reduced density matrix. The ideas
that the computational target is partitioned into many molecular
units®” and that, different electronic structure theories are ap-
plied for multi-layered regions,”>** are already implemented
successfully. Compared to those approaches, there are some
different and superior points in our approach. First, our ap-
proach is based on the physical classification of GSO solutions
so that the criterion for decomposition of the system is very
clear. Second, if we appropriately divide the system into many
regions, there are no points yielding discontinuities of physical
properties, since the unnecessary freedom of Rysw(r) usually
reduces. In addition, we adapt the same electronic structure
theory except for the variable parameters for all regions, which
is critically in contrast to ONIOM®? and a semi-emperical -+
DFT approach,” so that there is no theoretical inconsistency
concerning the level of the electronic correlation. The exten-
sion to regional GSO-QM/MM approach is straightforward.
In that case, the outer region in Fig. 10 is treated by MM.
The implementation of regional GSO-QM and regional GSO-
QM/MM approaches will be presented elsewhere.

AWARD ACCOUNTS

The Extended DFT for Quantum Electrodynamics

So far, our theoretical approaches are based on the broken-
symmetry DFT within the nonrelativistic ab initio Hamiltonian.
However, as described above, the GSO treatment of DFT ena-
ble us to describe the spin-inversion chemical reaction, which
applies to spin—orbit interactions in the actual systems. Further,
the 3D spin-structure of tetrahedral clusters presented by us fol-
lows symmetry operations that operate on both spin-and-spatial
spaces simultaneously and that commute with spin—orbit
term.>® The most comprehensive group theory within P x S
x T for broken-symmetry GSO approaches based on first-order
reduced density matrix is not a double-group or a magnetic
group,” but a generalized magnetic double group derived by
Ozaki and Fukutome.? Their theory can be applied for the
GSO-DFT with spin—orbit corrections. However, if we take
four-component of spinors into account, there are more extend-
ed treatments.

One of the recent topics in the electronic structure theory is
the heavy fermion systems, in which both of the strong electron
correlation and the relativistic effects of f electrons affect the
electronic structures.” Many compounds of this class exhibit
the spin-fluctuation-induced superconductivity.®>~*7 In particu-
lar, the recently discovered superconductors, UPt;*® and
Sr,Ru04,”” have attracted great attentions in relation to those
features, the odd-parity and the broken time-reversal symmetry,
respectively. Previously, Ohsaku et al.”® discussed the many-
body electron correlation theories such as QED-SCF and
QED-DMFT based on quantum electron dynamics (QED).
They analyzed the 4 x 4 first order reduced density matrix from
the viewpoint of symmetry including the time-reversal, parity,
charge-conjugation. They also discuss the relation between rel-
ativistic DFT and nonrelativistic DFT. We touch their QED-
DFT in the context of the extended DFT.

The fundamental variable of QED-DFT is the 4 x 4 density
matrix expanded by using ) matices with the Einstein notation
as,

Q(rS1;rS2)(= QX)) = Qs(E + Q;()y* + Qy, (r)o*”
+Qumysy* +Q°miys, (48

where Qg, QX, QITW, and Q/’j are the scalar (S), the vector (V),
2-rank antisymmetric tensor (T), axial vector (A), and the
pseudo-scalar (P) elements of Q, respectively. Here, E and
{¥#},1=0-3 are unit vector and Dirac gamma matrices as usual.
Futher, 0V = 1 [y*, y"] and y5 = iy°y'y*y*. Q includes the
four-current {j*(r) = —e(Y(r)y* ¥ (r))},,—0-3, which coupled
with external field {Afj‘t(r)} u—o0-3- Here ¥(r) and ¥/(r) are the
Dirac field, and its Dirac conjugation, respectively. The QED
version of the KS minimization is given by

E; = minQ(r){Ts + / drj" (DAL (r) + Exc[Q(r)]}, (49)

under constraint of conservation of the current and the total
charge:

" (r) =0, f drjo(r) = constant. (50)

It is noteworthy that the XC term depends on the full compo-
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QED-DFT

Omit the variables
except 4-currents

GSO-CDFT

Add the current and
the spin-current

QED-CDFT GSO-DFT

¢ Gordon decomposition Take full spin degreet
to cut current terms of freedom
R-SDFT UDFT

‘ Neglect S(r) A(!d the.collinear

spin variable
—
R-DFT Nonrelativistic SA DFT
reduction

Fig. 11. The relation between several QED-DFTs and
nonrelativistic broken-symmetry and symmetry-allowed
DFTs.

nents of Q, so that the effective exchange potential for the KS
equation also includes 16 elements corresponding the expan-
sion of Eq. 48.

On the other hand, the usual treatment of QED current DFT
(QED-CDFT)® is not for Q(r), but for four-current, j*(r) as,

Es= minj"(r){TS + / drj (DA} (1) + Excl/"* (r)]}. 61V

The Gordon decomposition of j(r) = I(r) + % to_cut the
charge current components I(r) = ﬁ WV — (V) Y)(r)
leads to the relativistic spin DFT (RSDFT).'% Further, we ob-
tain the usual relativistic DFT by neglecting the vector compo-
nents. The non-relativistic reduction to take only the large com-
ponent of the 4-component spinor into account leads to non-rel-
ativistic symmetry-adapted KS-DFT. The generalization start-
ing from SA KS-DFT to current-and-spin current KS-DFT is
described the above sections. The schematic relations are illus-
trated in Fig. 11.

Development of the GSO-X Program

In the context of our theory, we have developed the ab initio
program, which we called ‘GSO-X’, in the Biogrid project,'"!
which is a part of IT-program of Ministry of Education, Cul-
ture, Sports, Science and Technology. That program is con-
structed as the parallel version of a LCGTO program based
on GSO. In addition, the symmetry-adapted (SA) version of
GSO-X is developed to connect with the new version of
AMOSS %2 via the MPI-2 process-spawning technique.® ' Fur-
ther, these QM programs are connected to prestoX-basic for
MM calculations, integrating to the platform towards biosimu-
lation working simultaneously on heterogeneous computers by
Nakamura and co-workers, which is referred as “BioPfuga”.!%
The schematic illustration of BioPfuga is shown in Fig. 12.
This platform is the first implementation of QM/MM applica-
tions going in the direction of the grid computation.'® The most
remarkable feature of ‘GSO-X’ is, as described above, its po-
tential to treat noncollinear molecular magnetism of tetrahedral
clusters such as FesS4 and Mn4O4, along with treating spin-
canting or spin-inversion reactions involving oxygen mole-
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BioPfug

Biosimulation Platform United on Grid Architecture
GSO-X AMOSS

Symmetry-
Adapted HF
and

CASSCF/CI

Broken-
Symmetry
DFT and HF

Molecular
Mechanics

prestoX-basic

Fig. 12. The schematic illustration of the Biosimulation
Platform United on Grid Architecture.

cules. Although these molecular units and reactions will be es-
sential to describe the bioenzyme reactivities, there is no GSO
version of an ab initio program among widely used ones like
Gaussian 03'% or GAMESS.!® Therefore, by incorporating
the merit of our GSO-DFT fully into this grid-computing ori-
ented QM/MM, the new field of computational biochemistry
based on ab initio approach is expected to be opened up.

Summary

We have discussed the extended DFT for the material de-
sign, in particular of molecular magnetism,” from the beginning
of its theoretical backgrounds. Our approach is based on the
pioneering work by precursors' =28 to cultivate the positive fea-
tures of the broken-symmetry HF theory. Thus, we first re-
viewed their work. The classifications of solutions from the
viewpoint of broken-symmetry patterns’*2’ are excellent
guidelines to investigate the electron structures of the strongly
correlated systems. Further, the spin-unrestricted or GSO ver-
sions of HF theory cover part of nondynamical correlation
via the spin densities of those solutions.?® Both of these theories
are directly related to the broken-symmetry KS-DFT.2%-8.60-62

We presented that the exact density of hydrogen molecule
within the STO-3G is never obtained by any symmetry-adapted
KS-DFT, while the broken-symmetry DFT provides the good
approximation for the exact results, in particular for the strong-
ly correlated region. This indicates that, to reproduce the exact
densities, which are usually FON in the finite dimensional ba-
sis, we should employ the spin-unrestricted or GSO-DFT.’!

Further, the relation between broken-symmetry patterns of
GSO and constrained search regions of DFT is discussed in a
manner similar to the classification of GHF solutions. We pre-
sented some examples for which the GSO treatment is essen-
tial. Our ab initio GSO-DFT approach’:67:68.70-7274-76 jg the
first implementation in line with these stories, which are suc-
cessfully applied for 3D spin-structures of multicenter metal
systems, and the spin-canting reaction of oxygen-type cleavag-
es. These computational results will be a first introduction of
the molecular design by ab initio GSO approaches utilizing
the full degree of freedom of the spins-and-orbitals.
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In this paper, we also gave the weight to the future prospects
of our approaches. The extensions to resonating KS-DFT, re-
gional GSO-QM/MM, and QED-DFT are related to those of
constrained search regions described for the GSO-DFT. There-
fore, these are included in the extended DFT. The resonating
KS-DFT allowing a superposition of several GSO configura-
tions will be effective for the system in which various collective
modes such as SDWs and CDW coexist, because the resonation
among several states is beyond the theoretical scope of the
GSO-DFT. We introduce the chemical-and-physical pictures
into ab intio molecular dynamics by suggesting the regional
QM/MM approach, in which huge systems are partitioned into
many functional units having local chemical-and-physical
characters. The QED-DFT as a most comprehensive theoretical
framework of the extended DFT, enables us to treat the heavy
fermions. This direction is expected to be a new ground for ma-
terial science, since, compared with the usual GSO-DFT, there
are more degrees of freedom to be broken in the fully four-com-
ponent relativistic framework as described above.

The extended DFT approaches cover all of the magnetism,
conductivities with-and-without spin-degree of freedom, as
well as further quantum fluctuations, ab initio molecular dy-
namics and relativistic effects. We expect that these systematic
approaches can provide not only qualitatively but also quantita-
tively excellent ab initio methods for molecular material de-
sign.
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N. Suzuki, and all members of the Quantum Chemistry Labora-
tories of the Hokkaido University in 1992 and of the Osaka
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